TAKING ACCOUNT OF THE RELAXATION OF THE WETTING ANGLE IN THE CAPILLARY
SUCTION OF LIQUID IN A GRAVITATIONAL FIELD
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An approximate solution is obtained for the differential equaiton describing the
kinetics of capillary suction of liquid, taking account of inertial and gravita-
tional forces, as well as the time dependence of the wetting angle.

An important role in the startup and switching-off of various thermal-engineering devices
(thermal tubes, porous evaporative heat exchangers, etc.) is played by the initial stage of
capillary suction. At present, the kinetics of liquid suction in the initial stage of its
motion along a capillary has not been adequately studied. It is at this stage that calculation
by the theoretical formulas gives the greatest discrepancy with experimental data [1-7]. This
discrepancy may be explained in that inertial forces and the time dependence of the wetting
angle are disregarded in solving the equations of capillary suction. Taking account of in-
ertial forces in [2] led to considerable reduction in the discrepancy between theoretical
calculation and experiment. By using the method outlined in [2], not only inertial, gravi-
tational, and viscous forces may be taken into account, but also the time dependence of the
wetting angle 8 = f(t).

As shown in [5-7], at boundary angles 6 < 90°, the kinetics of capillary-wall wetting
is satisfactorily described by an equation of relaxational type

cos@:cosﬁr[l——ﬁexp (_L)], . (1)

Tr

which is widely used in investigating capillary suction. Here § is a constant parameter de-
pending on the initial wetting angle 8,. Assuming that t = 0 in Eq. (1) gives

B=1— cos 9, ' (2)
c0s Oy
When 6, = 6,, B = 0 and cos 6 = cos 8, = const; when 8, = 7/2, B =1 and cos 8 = cos er[l -
exp (—t/t )],

The physical basis of Eq. (1) was given in [8-12]. The relaxation time of the wetting
process 8, appearing in this equation depends on the properties of he liquid and the properties
of the solid surface, on the wetting perimeter, etc. {5, 7, 9]. 1In a series of systems, 1,
is taken to be 0.5-1 sec [5, 71.

The dependence 6 = f(t) must influence the kinetics of capillary suction, especially
in the initial stages. In [5, 6, 9, 10], attempts were made to take account of the relaxation
of the wetting angle in solving the equation of capillary suction, but inertial terms were
neglected in the equations. In [l], the time dependence of 6 was taken into account in an
equation containing inertial terms, but for the case of a horizontal capillary or weightless-
ness.

In the general case, the complete equation of capillary suction taking account of Eq.
(1) takes the form

&
d?

(lz)+a%(lz)+bl=0[1—f’exp("_,;t_)]’ (3)
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where

8 ., o . . Adocosh
= o b= 2gsin¢; C—~——-————rp . (4)
As in [2], the initial condtiions adopted for Eq. (3) are
dl c \1/?
[=0, —=[— =+v vwhen (=0.
” \2 ) when . (5)

The solution of Eq. (3) is sought by the method described in [2].

The functions £ and 22 on the segment [0, %.] are represented in the form of Fourier

series
(=3 L, 2=l (6)
n=1 n=1
where L, and y, are as follows
L, =a,sin l; vn:lw[l— 2 (1—— ! )], (7)
w (nm)? €oS nat

and a, is the coefficient of the Fourier expansion; %« = 20 cos 8,/pgr is the equilibrium

height of liquid ascent.

Substituting Egs. (6) and (7) into Eqs. (3) and
tion for Ly,

(5) leads to the following linear equa-

d2L dL b c [ ( ¢ )
n a n — L, =———— |1—pexp|{ ——
de? Ty + Yn n(n+ 1)y, ' Ty (8)
with the initial conditions
dL v
L,=0; . — when ¢=0. (9)
dt n(n+1)
The general solution of Eq. (8) with the initial conditions in Eq. (9), as shown in [2], takes
the form
- 1—A,) my,ex af
- L {1—Anexp(——t—)—[( ) Myn €XP (Man?)
nin-+1) Ty My — Mgy
A, (10)
| (—-— ) (xp (mnt) — exp (10
_ (1"" n)mznexp (mlnt) + l. T'r / l ,
My, — My Myp — mzn d
where
a B |
n Vn y
1 1—arv
a 4p a 4b (11)
mln:_?(l_l//l_ a%n ,J; ’nzn:—"'é—(]"i_l/l'— azvn )
Hence
l=2Ln=lm{1-exp (——_t_) v A
e} \ Te) & on(n41)
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v A
e I ] (eXp (Mg, E) — XD (my,f
_2 l> An) mln exp (mzn) mzneXP (m]nt)) + ( l°° Tr )( xp( ) ) Xp( 1 )) :” (12)

n=1 n (72 + 1) (mln - ’nZn) n (n + 1) (mln - ﬂlgn)

Since the coefficients A,, m;,, and m,, depend weakly on n, Eq. (12) may be written in the
following approximate form

_L)__{(l——A)[m,exp(mzt)—m2exp(mlt)] +(%~ A ) exp (myt) — exp (m,f) }, (13)

my — My Ty my — M,

X = I—Aexp(—
Tr

where

When B = 0, A = 0, and the expression derived in [2] for the case when cos 8 = const
is obtained from Eq. (13).

The results of calculations by Eq. (13) are compared wiht calculations by the formula
in [2] and with experimental data for vertical glass capilaries (r = 0.24, 0.28, 0.32, 0.35
mm). The liquid investigated is distilled water. The experimental results are obtained by
the method described in [2].

Calculation by Eq. (13) is possible if the parameter B is known. In the literature,
it is sometimes tken to be unity, i.e., the initial angle 6, = /2. This condition evidently
cannot be realized, since some concave meniscus is formed on account of wetting even at the
initial instant of contact between the capillary wall and the liquid, so that 6, < w/2 and
B < 1. Since it is difficult to determine B experimentally at present, calculations by Eq.
(13) are made for various B. According to these calculations, relaxation of the wetting angle
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Fig. 1. Kinetics of capillary suction of distilled water in a vert-
ical capillary: 1) calculation by the formula from [2]; 2) Eq. (13);
3) experimental data; r = 0.240-10"2% (a), 0.285-10"3% (bd), 0.320-10°3
(c), 0.350:10"2% (d) m; x, dimensionless; t, sec.
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has a pronounced influence on the kinetics of capillary suction; results which are closest
to experiment are obtained when § = 0.15, which corrresponds to an initial boundary angle
8y = 34°. Curves of the relative height of liquid ascent as a function of the suction time
correspnding to this case are shown in Fig. 1 according to Eq. (13) and also experimental
data for the given capillaries. For comparison, curves of x = f(t) plotted from the formula
in [2] for the case B = 0, i.e., 8 = 8, = const, are also shown in Fig. 1.

It is evident from Fig. 1 that taking account of the time dependence of the wetting an-
gle in the complete equation of capillary suction permits the most accurate description of
the kinetics of liquid suction in a capillary in the early stages, as well as the determina-
tion of the initial wetting angle.

NOTATION

2, displacement length of meniscus; f,, maximum displacement length of meniscus; x,
relative displacement length of meniscus; t, time of meniscus displacement; r, capillary rad-
ius; ¢, angle of slope of capillary axis to horizontal; p, n, o, density, kinematic viscos-
ity, and surface tension of liquid; 6,, initial wetting angle; 8, equilibrium wetting angle;
Ty, relaxation time of boundary wetting angle.
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